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REFLEXIVE FUNCTORS OF MODULES IN COMMUTATIVE
ALGEBRA
JOSE´ NAVARRO, CARLOS SANCHO, AND PEDRO SANCHO
Abstract. Reflexive functors of modules naturally appear in Algebraic Ge-
ometry, mainly in the theory of linear representations of group schemes, and
in “duality theories”. In this paper we study and determine reflexive functors
of modules and we give many properties of reflexive functors of modules, of
algebras and of bialgebras.
1. Introduction
Let X = SpecA be an affine scheme over a field K. We can regard X as a
covariant functor of sets over the category of commutative K-algebras through its
functor of points X ·, defined by X ·(S) := HomK−alg(A,S), for all commutative
K-algebras S. If X = SpecK[x1, . . . , xn]/(p1, . . . , pm) then
X ·(S) := {s ∈ Sn : p1(s) = · · · = pm(s) = 0}
By the Yoneda Lemma, HomK−sch(X,Y ) = Homfunct.(X
·, Y ·), and it is well
known that X is an affine group K-scheme if and only if X · is a functor of groups.
We can regard K as functor of rings K, by defining K(S) := S, for all commu-
tative K-algebras S. Let V be a K-vector space. We can regard V as a covariant
functor of K-modules, V , by defining V(S) := V ⊗K S. We will say that V is the
K-quasi-coherent module associated with V . If V = ⊕IK then V(S) = ⊕IS. It
holds that the category of K-vector spaces, CK-vect, is equivalent to the category
of quasi-coherent K-modules, Cqs-coh K-mod: the functors CK-vect  Cqs-coh K-mod,
V  V and Cqs-coh K-mod  CK-vect, V  V(K) give the equivalence.
It is well known that the theory of linear representations of a group scheme G =
SpecA can be developed, via their associated functors, as a theory of an abstract
group and its linear representations. That is, the category of linear representations
of a group scheme G is equivalent to the category of quasi-coherent G·-modules.
Given a functor of K-modules, M (that is, a covariant functor from the category
of commutative K-algebras to the category of abelian groups, with a structure of
K-module), we denote M∗ := HomK(M,K). We say that M is a reflexive functor
of modules if M = M∗∗.
Reflexive functors of modules naturally appear in Algebraic Geometry, mainly
in the theory of linear representations of group schemes, and in “duality theories”:
Quasi-coherent modules are reflexive (surprisingly even when K is a commutative
ring and V is a non finitely generatedK-module, see [2]). Let X be a functor of sets
and AX := Homfunct.(X,K). We say that X is an affine functor if AX is reflexive
and X = SpecAX := HomK−alg(AX,K), see [8] for details (we warn the reader that
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in the literature affine functors are sometimes defined to be functors of points of
affine schemes). In [8], we prove that (functors of points of) affine schemes, formal
schemes and the completion of an affine scheme along a closed set are affine functors.
Let G be an affine functor of monoids. A∗
G
is a functor of algebras and the category
of G-modules is equivalent to the category of A∗
G
-modules. Applications of these
results include Cartier duality, neutral Tannakian duality for affine group schemes
and the equivalence between formal groups and Lie algebras in characteristic zero
(see [8]). In order to prove these results it is necessary to study and to determine
reflexive functors of modules, algebras and bialgebras.
Some natural questions emerge: Is the family of reflexive functors a monster
family? Is this family closed under tensor products? Is this family closed under
homomorphisms?
In this paper we prove:
(1) Each reflexive functor ofK-modules is a functor ofK-submodules of a funtor
of K-modules
∏
I K, for a certain set I (see 4.2).
(2) A functor of K-modules is reflexive if and only if it is the inverse limit of
its quasi-coherent quotients (see 4.4).
(3) If I is a totally ordered set and {fij : Vi → Vj}i≥j∈I is an inverse system of
quasi-coherent K-modules, then lim
←
i∈I
Vi is a reflexive functor of K-modules.
We do not know if arbitrary inverse limits of quasi-coherent modules are
reflexive, that is, if proquasi-coherent modules are reflexive.
(4) If M and M′ are reflexive functors of K-modules, then HomK(M,M′) ⊆
HomK(M(K),M
′(K)) (see 3.15). If A is a reflexive functor and a functor of
K-algebras and M,M′ are reflexive functors of A-modules, then a morphism
of K-modules M→M′ is a morphism of A-modules if and only if M(K)→
M′(K) is a morphism of A(K)-modules. Let V be a vector space. If V is
an A-module, then the set of all quasi-coherent A-submodules of V is equal
to the set of all A(K)-submodules of V (see 3.17 and 4.13).
Now assume K = R is a commutative ring. In section 5, we define a wide family
F of reflexive functors of R-modules satisfying:
(1) Each M ∈ F is a functor of R-submodules of a funtor of R-modules
∏
I R,
for a certain set I.
(2) If M and N are free R-modules, then M,M∗,HomR(M,N ) ∈ F.
(3) Every functor of R-modules M ∈ F is proquasi-coherent.
(4) If M,M′ ∈ F, then HomR(M,M′) ∈ F and (M⊗RM′)∗∗ ∈ F, which satisfies
HomR((M ⊗R M
′)∗∗,M′′) = HomR(M⊗R M
′,M′′)
for every reflexive functor of R-modules, M′′.
(5) If A,B ∈ F are functors of proquasi-coherent algebras, then (A∗⊗RB∗)∗ ∈ F
and it is a functor of proquasi-coherent algebras, which satisfies
HomR−alg((A
∗ ⊗R B
∗)∗,C) = HomR−alg(A⊗R B,C)
for every functor of proquasi-coherent algebras, C.
(6) The functor CF−bialg  CF−bialg, B B∗ is a categorical anti-equivalence,
where CF−bialg is the category of functors of proquasi-coherent bialgebras
(that is, B ∈ CF−bialg if B ∈ F, B and B
∗ are functors of proquasi-coherent
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algebras and the dual morphisms of the multiplication morphism and unit
morphism of B∗ are morphisms of functors of algebras).
Let A be a free R-module, then A ∈ F. A is an R-bialgebra if and
only if A is a functor of proquasi-coherent bialgebras (see Proposition 6.3).
In the literature, there have been many attempts to obtain a well-behaved
duality for non finite dimensional bialgebras (see [9] and references therein).
One of them, for example, states that the functor that associates with each
bialgebra A over a field K the so-called dual bialgebra A◦ is auto-adjoint
(A◦ := lim
→
I∈J
(A/I)∗, where J is the set of bilateral ideals I ⊂ A such that
dimK A/I <∞, see [1]). Another one associates with each bialgebra A over
a pseudocompact ring R the bialgebra A∗ endowed with a certain topology
(see [4, Expose´ VIIB 2.2.1]).
(7) If M,M′ ∈ F, then HomR(M,M′) ⊆ HomR(M(R),M′(R)). If A ∈ F is a
functor of R-algebras and M,M′ ∈ F are functors of A-modules, then a
morphism of R-modules M→ M′ is a morphism of A-modules if and only
if M(R)→M′(R) is a morphism of A(R)-modules. LetM be an R-module.
If M is an A-module, then the set of all quasi-coherent A-submodules of
M is equal to the set of all A(R)-submodules of M .
This paper completes [2] and it is essentially self contained.
2. Preliminaries
Let R be a commutative ring (associative with a unit). All functors considered
in this paper are covariant functors over the category of commutative R-algebras
(always assumed to be associative with a unit). A functor X is said to be a functor
of sets (resp. monoids, etc.) if X is a functor from the category of commutative
R-algebras to the category of sets (resp. monoids, etc.).
Notation 2.1. For simplicity, given a functor of sets X, we sometimes use x ∈ X
to denote x ∈ X(S). Given x ∈ X(S) and a morphism of commutative R-algebras
S → S′, we still denote by x its image by the morphism X(S)→ X(S′).
Let R be the functor of rings defined by R(S) := S, for all commutative R-
algebras S. A functor of sets M is said to be a functor of R-modules if we have
morphisms of functors of sets, M ×M → M and R×M → M, so that M(S) is an
S-module, for every commutative R-algebra S. A functor of rings (associative with
a unit), A, is said to be a functor of R-algebras if we have a morphism of functors
of rings R → A (and R(S) = S commutes with all the elements of A(S), for every
commutative R-algebra S).
Given a commutative R-algebra S, we denote by M|S the functor M restricted
to the category of commutative S-algebras.
Let M and M′ be functors of R-modules. A morphism of functors of R-modules
f : M→M′ is a morphism of functors such that the defined morphisms fS : M(S)→
M′(S) are morphisms of S-modules, for all commutative R-algebras S. We will
denote by HomR(M,M
′) the set (see footnote) of all morphisms of R-modules from
M to M′.
Example 2.2. HomR(
∏NR,R) = ⊕NR: Let w :
∏NR → R be an R-linear
morphism. Let us consider the polynomial ring S := R[x1, . . . , xn, . . .]. Since
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wS((x1, . . . , xn, . . .)) ∈ S, for some m ∈ N, wS((x1, . . . , xn, . . .)) ∈ R[x1, . . . , xm].
Let
φ(x1, . . . , xm) := wS((x1, . . . , xn, . . .)).
Let S′ be a commutative R-algebra and s′1, . . . , s
′
n, . . . ∈ S
′. Let us consider the
morphism of R-algebras S → S′, xi 7→ s
′
i (for all i). By functoriality,
wS′((s
′
1, . . . , s
′
n, · · · )) = φ(s
′
1, . . . , s
′
m).
Hence, w is determined by φ(x1, . . . , xm). Finally, φ(x1, . . . , xm) = λ1x1 + · · · +
λmxm, for certain λ1, . . . , λm ∈ R, because
φ(x · x1, . . . , x · xm) = x · φ(x1, . . . , xm) ∈ R[x, x1, . . . , xm] =: T
since wT is T -linear.
We will denote by HomR(M,M
′)1 the functor of R-modules
HomR(M,M
′)(S) := HomS(M|S ,M
′
|S)
Obviously,
(HomR(M,M
′))|S = HomS(M|S ,M
′
|S)
Notation 2.3. We denote M∗ = HomR(M,R).
Example 2.4. (⊕NR)∗∗ = (
∏NR)∗ =
2.2
⊕NR.
Notation 2.5. Tensor products, direct limits, inverse limits, etc., of functors of
R-modules and kernels, cokernels, images, etc., of morphisms of functors of R-
modules are regarded in the category of functors of R-modules.
It holds that
(M ⊗R M
′)(S) = M(S)⊗S M
′(S), (Ker f)(S) = Ker fS , (Coker f)(S) = Coker fS,
(Im f)(S) = Im fS, ( lim
→
i∈I
Mi)(S) = lim
→
i∈I
(Mi(S)), ( lim
←
i∈I
Mi)(S) = lim
←
i∈I
(Mi(S))
Definition 2.6. Given an R-module M (resp. N , etc.), M (resp. N , etc.) will
denote the functor of R-modules defined by M(S) := M ⊗R S (resp. N (S) :=
N ⊗R S, etc.). M will be called quasi-coherent R-module (associated with M).
Proposition 2.7. [2, 1.3] For every functor of R-modules M and every R-module
M , it holds that
HomR(M,M) = HomR(M,M(R))
Proof. Given an R-linear morphism f :M→ M, we have for every R-algebra S a
morphism of S-modules fS :M ⊗R S → M(S) and a commutative diagram
M ⊗R S
fS
−→ M(S)
↑ ↑
M
fR
−→ M(R)
Hence, the morphism of S-modules fS is determined by fR. 
1In this paper, we will only consider well defined functors HomR(M,M
′), that is to say, functors
such that HomS(M|S ,M
′
|S) is a set, for all S.
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The functors M  M, M M(R) =M establish an equivalence between the
category of R-modules and the category of quasi-coherent R-modules ([2, 1.12]).
In particular, HomR(M,M′) = HomR(M,M ′). For any pair of R-modules M and
N , the quasi-coherent module associated with M ⊗R N is M⊗R N . M|S is the
quasi-coherent S-module associated with M ⊗R S
Definition 2.8. The functor M∗ = HomR(M,R) is called an R-module scheme.
M∗(S) = HomS(M ⊗RS, S) = HomR(M,S) and it is easy to check that (M∗)|S
is an S-module scheme.
Definition 2.9. Given a commutative R-algebra A, let (SpecA)· be the functor
defined by (SpecA)·(S) := HomR−alg(A,S), for each commutative R-algebra S.
This functor will be called the functor of points of SpecA.
By Yoneda’s lemma (see [7, Appendix A5.3]), Homfunc((SpecA)
·,X) = X(A).
Given an R-module M , we will denote by S·RM the symmetric algebra of M .
Let us recall the next well-known lemma (see [5, II, §1, 2.1] or [4, Expose´ VIIB,
1.2.4]).
Lemma 2.10. [2, 1.6] If M is an R-module, then M∗ = (SpecS·RM)
· as functors
of R-modules.
Proof. For every commutative R-algebra S, it holds that
M∗(S) = HomR(M,S) = HomR−alg(S
·
RM,S) = (SpecS
·
RM)
·(S)

Proposition 2.11. [2, 1.8] Let M , M ′ be R-modules. Then
HomR(M
∗,M′) =M⊗RM
′
Proof. Note first that
Homfunc(M
∗,M′)
2.10
= Homfunc((SpecS
·
RM)
·,M′) =M′(S·RM) = S
·
RM ⊗R M
′.
Specifically, f = m1 · · ·mn ⊗ m
′ ∈ SnRM ⊗M
′ defines the morphism of functors
f : M∗ →M′, f(w) := w(m1) · · ·w(mn) ·m′, for all w ∈M∗.
In order for f ∈ S·RM ⊗RM
′ to define a R-linear morphism of functors, it must
be f ∈M ⊗RM ′: Write f =
∑
n fn ∈ ⊕n∈NS
n
RM ⊗RM
′. Let S be a commutative
R-algebra and let w ∈ M∗(S). Let S′ = S[x] and consider the natural injective
morphism M ′ ⊗R S →֒M ′ ⊗R S′ as an inclusion of sets. Then,
x ·
∑
n
(fn)S(w) = x · fS(w) = x · fS′(w) = fS′(x · w) =
∑
n
(fn)S′(x · w)
=
∑
n
xn · (fn)S′(w) =
∑
n
xn · (fn)S(w) ∈M
′ ⊗R S
′
Hence (fn)S(w) = 0, for all n 6= 1, and then f ∈M ⊗M ′.
We have proved that HomR(M∗,M′) =M ⊗R M ′. For every R-algebra S,
HomR(M
∗,M′)(S) = HomS(M
∗
|S ,M
′
|S) = HomS((M⊗R S)
∗,M′ ⊗R S)
= (M ⊗R S)⊗S (M
′ ⊗R S) = (M⊗RM
′)(S)

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If M′ = R, in the previous proposition, we obtain the following theorem.
Theorem 2.12. [2, 1.10] Let M be an R-module. Then
M∗∗ =M
The functors M  M∗ and M∗  M∗∗ = M establish an anti-equivalence
between the categories of quasi-coherent modules and module schemes. An R-
module scheme M∗ is a quasi-coherent R-module if and only if M is a projective
finitely generated R-module (see [3]).
Let us recall the Formula of adjoint functors.
Notation 2.13. Let i : R → S be a commutative R-algebra. Given a functor of
R-modules, M, let i∗M be the functor of S-modules defined by (i∗M)(S′) := M(S′).
Given a functor of S-modules, M′, let i∗M′ be the functor of R-modules defined by
(i∗M
′)(R′) := M(S ⊗R R′).
Formula of adjoint functors 2.14. [2, 1.12] Let M be a functor of R-modules
and let M′ be a functor of S-modules. Then, it holds that
HomS(i
∗
M,M′) = HomR(M, i∗M
′)
Proof. Given a w ∈ HomS(i
∗
M,M′), we have morphisms wS⊗R′ : M(S ⊗ R
′) →
M′(S⊗R′) for each commutative R-algebraR′. By composition with the morphisms
M(R′)→M(S⊗R′), we have the morphisms φR′ : M(R′)→M′(S⊗R′) = i∗M′(R′),
which in their turn define φ ∈ HomR(M, i∗M′).
Given a φ ∈ HomR(M, i∗M′), we have morphisms φS′ : M(S′) → i∗M′(S′) =
M′(S⊗S′) for each S-algebra S′. By composition with the morphismsM′(S⊗S′)→
M′(S′), we have the morphisms wS′ : M(S
′) → M′(S′), which in their turn define
w ∈ HomS(i∗M,M′).
Now we shall show that the assignments w 7→ φ and φ 7→ w are mutually inverse.
Given w ∈ HomS(i∗M,M′) we have φ ∈ HomR(M, i∗M′). Let us prove that the
latter defines w again. We have the following diagram, where S′ is a commutative
S-algebra and q, p the obvious morphisms,
M(S′)
q //
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
M(S ⊗ S′)

wS⊗S′ // M′(S ⊗ S′)
p

M(S′)
wS′ // M′(S′)
The composite morphism p ◦ wS⊗S′ ◦ q = p ◦ φS′ is that assigned to φ, and
coincides with wS′ since the whole diagram is commutative.
Given φ ∈ HomR(M, i∗M′) we have w ∈ HomS(i∗M,M′). Let us see that the
latter defines φ. We have the following diagram, where R′ is a commutative R-
algebra and r, j, p the obvious morphisms,
M(R′)
r //
φR′

M(S ⊗R′)
wS⊗R′ //
φS⊗R′

M′(S ⊗R′)
(i∗M
′)(R′)
j // (i∗M′)(S ⊗R′) M′(S ⊗ S ⊗R′)
p
OO
The composite morphism wS⊗R′ ◦r assigned to w agrees with φR′ , since p◦j = Id
and the whole diagram is commutative.
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
Corollary 2.15. Let M be a functor of R-modules. Then
M
∗(S) = HomR(M,S)
for all commutative R-algebras S.
Proof. M∗(S) = HomS(M|S ,S)
2.14
= HomR(M,S). 
Definition 2.16. Let M be a functor of R-modules. We will say that M∗ is a dual
functor. We will say that a functor of R-modules M is reflexive if M = M∗∗.
Examples 2.17. Quasi-coherent modules and module schemes are reflexive func-
tors of R-modules.
Proposition 2.18. Let M be a functor of R-modules such that M∗ is a reflexive
functor. The closure of dual functors of R-modules of M is M∗∗, that is, it holds
the functorial equality
HomR(M,M
′) = HomR(M
∗∗,M′)
for every dual functor of R-modules M′.
Proof. WriteM′ = N∗. Then, HomR(M,M
′)=HomR(M⊗N,R)=HomR(N,M∗) =
HomR(N⊗M∗∗,R) = HomR(M∗∗,M′). 
Proposition 2.19. Let A be a functor of R-algebras such that A∗ is a reflexive
functor of R-modules. The closure of dual functors of R-algebras of A is A∗∗, that
is, it holds the functorial equality
HomR−alg(A,B) = HomR−alg(A
∗∗,B)
for every dual functor of R-algebras B.
As a consequence, the category of dual functors of A-modules is equal to the
category of dual functors of A∗∗-modules.
Proof. Given a dual functor of R-modules M∗, by induction on n
HomR(A⊗ n. . .⊗ A,M
∗) = HomR(A⊗ n−1. . . ⊗ A,HomR(A,M
∗))
2.18
= HomR(A⊗ n−1. . . ⊗ A,HomR(A
∗∗,M∗))
Ind.Hyp.
= HomR(A
∗∗ ⊗ n−1. . . ⊗ A∗∗,HomR(A
∗∗,M∗))
= HomR(A
∗∗ ⊗ . . .⊗ A∗∗,M∗).
Let i : A→ A∗∗ be the natural morphism. The multiplication morphism m : A⊗
A→ A defines a unique morphism m′ : A∗∗ ⊗ A∗∗ → A∗∗ such that the diagram
A⊗ A
m

i⊗i // A∗∗ ⊗ A∗∗
m′

A
i // A∗∗
is commutative, because HomR(A ⊗ A,A∗∗) = HomR(A∗∗ ⊗ A∗∗,A∗∗). It follows
easily that the algebra structure of A defines an algebra structure on A∗∗. Let us
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only check that m′ satisfies the associative property: The morphisms m′ ◦(m′⊗ Id),
m′ ◦ (Id⊗m′) : A∗∗ ⊗ A∗∗ ⊗ A∗∗ → A∗∗ are equal because
(m′ ◦ (m′ ⊗ Id)) ◦ (i⊗ i⊗ i) = m′ ◦ (i ⊗ i) ◦ (m⊗ Id) = i ◦m ◦ (m⊗ Id)
= i ◦m ◦ (Id⊗m) = m′ ◦ (i ⊗ i) ◦ (Id⊗m) = (m′ ◦ (Id⊗m′)) ◦ (i⊗ i⊗ i)
The kernel of the morphism
HomR(A,B)→ HomR(A⊗R A,B), f 7→ f ◦m−m ◦ (f ⊗ f),
coincides with the kernel of the morphism
HomR(A
∗∗,B)→ HomR(A
∗∗ ⊗R A
∗∗,B), f 7→ f ◦m′ −m ◦ (f ⊗ f).
Then, HomR−alg(A,B) = HomR−alg(A
∗∗,B).
Finally, given a dual functor of R-modules M∗, then EndRM∗ = (M∗⊗M)∗ is a
dual functor of R-algebras and
HomR−alg(A,EndRM
∗) = HomR−alg(A
∗∗,EndRM
∗)
Given two A∗∗-modules, N andM∗, and a morphism f : N→M∗ of A-modules, then
f is a morphism of A∗∗-modules because given n ∈ N, the morphism A∗∗ → M∗,
a 7→ f(an)− af(n) is zero because A→M∗, a 7→ f(an)− af(n) is zero. Then, the
category of dual functors of A-modules is equal to the category of dual functors of
A
∗∗-modules.

Example 2.20. Let G = SpecA be an R-group scheme and let R[G·] be the functor
defined by R[G·](S) = {formal sums s1g1 + · · · + sngn, n ∈ N, si ∈ S and gi ∈
G·(S)}. It is easy to prove that R[G·]∗ = A and R[G·]∗∗ = A∗ (see [3]). Then,
the category of (rational) G-modules is equivalent to the category of quasi-coherent
R[G·]-modules, which is equivalent to the category of quasi-coherent A∗-modules.
3. D-proquasi-coherent modules
Notation 3.1. Let us denote M(R) the quasi-coherent module associated with the
R-module M(R), that is, M(R)(S) := M(R)⊗R S.
There exists a natural morphism M(R)→M, m⊗ s 7→ s ·m. Observe that
HomR(N ,M) = HomR(N,M(R)) = HomR(N ,M(R))
for all quasi-coherent modules N .
Definition 3.2. We will say that a functor of R-modules M is a D-proquasi-
coherent module if the natural morphism M∗ → M(R)∗ is injective.
Example 3.3. Quasi-coherent modules are D-proquasi-coherent modules, because
M(R) =M.
Example 3.4. If M = ⊕IR is a free R-module, then M∗ is D-proquasi-coherent:
The obvious morphism ⊕IR →
∏
I R = M
∗, factors via M∗(R). Dually, the
composite morphism M = M∗∗ → M∗(R)∗ →
∏
I R is injective, then M
∗∗ →
M∗(R)∗ is injective.
Note 3.5. The direct limit of a direct system of functors of D-proquasi-coherent
modules is D-proquasi-coherent. Every quotient of a D-proquasi-coherent module is
D-proquasi-coherent.
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Theorem 3.6. A functor of R-modules M D-proquasi-coherent if and only if for
every R-module N the map
HomR(M,N )→ HomR(M(R), N), f 7→ fR
is injective.
Proof. If the natural morphism M∗ → M(R)∗ is injective, then HomR(M,S) ⊆
HomR(M(R), S) for all commutative R-algebras S. Given an R-module N , consider
the R-algebra S := R ⊕ N , with the multiplication operation (r, n) · (r′, n′) :=
(rr′, rn′ + r′n). Then,
HomR(M,R⊕N ) = HomR(M,S) ⊆ HomR(M(R), S) = HomR(M(R), R ⊕N)
Hence, HomR(M,N ) ⊆ HomR(M(R), N)
Reciprocally, M∗(S) = HomR(M,S) →֒ HomR(M(R), S) = M(R)∗(S) is in-
jective for all commutative R-algebras S, hence the morphism M∗ →֒ M(R)∗ is
injective. 
Corollary 3.7. Let R = K be a field. A functor of K-modules M is D-proquasi-
coherent if and only if the natural morphism M∗(K)→M(K)∗ := HomK(M(K),K),
w 7→ wK is injective.
Proof. We only have to prove the sufficiency. Let N = ⊕IK be a K-vector space.
The diagram
HomK(M,N ) _

// HomK(M(K), N) _

HomK(M,
I∏
K)
I∏
HomK(M,K)
  //
I∏
HomK(M(K),K) HomK(M(K),
I∏
K)
is commutative. Then, the morphism HomK(M,N ) → HomK(M(K), N) is injec-
tive and M is D-proquasi-coherent. 
Proposition 3.8. If M is a D-proquasi-coherent R-module and S is a commutative
R-algebra, then the functor of S-modules M|S is a D-proquasi-coherent S-module.
Proof. Let S be a commutative R-algebra and let N be an S-module. The diagram
HomS(M|S ,N )
2.14

HomR(M,N ) _
3.6

HomS(M(S), N) // HomR(M(R), N)
is commutative, then the morphism HomS(M|S ,N )→ HomS(M(S), N) is injective
and M|S is D-proquasi-coherent. 
Lemma 3.9. A functor of R-modules M is D-proquasi-coherent if and only if the
cokernel of every R-module morphism from M to a quasi-coherent module is quasi-
coherent, that is, the cokernel of any morphism f : M → N is the quasi-coherent
module associated with Coker fR.
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Proof. ⇒) Let f : M → N be a morphism of R-modules. Let N ′ = Coker fR and
let π : N → N ′ be the natural epimorphism. As (π ◦f)R = 0, π ◦f = 0 by Theorem
3.6. Then, Coker f = N ′.
⇐) Let f : M → N be a morphism of R-modules. If fR = 0 then Coker f = N
and f = 0. Therefore, M is D-proquasi-coherent, by Theorem 3.6.

Note 3.10. If R = K is a field, the kernel of every morphism between quasi-
coherent modules is quasi-coherent. Then, M is D-proquasi-coherent if and only if
the image of every morphism f : M→ N for every quasi-coherent module N , which
is the kernel of the morphism N → Coker f , is a quasi-coherent module.
Theorem 3.11. Let R = K be a field and let M be a D-proquasi-coherent functor
of K-modules. Let {Mi}i∈I be the set of all quasi-coherent quotients of M. Then,
M
∗ = lim
→
i∈I
M∗i
Proof. Let S be a commutative K-algebra. M∗(S) = HomK(M,S), by Corollary
2.15. The morphism lim
→
i∈I
M∗i (S) → HomK(M,S) = M
∗(S) is obviously injective,
and it is surjective by Note 3.10. Hence, M∗ = lim
→
i∈I
M∗i .

Corollary 3.12. Let R = K be a field. If M is D-proquasi-coherent, then M∗ is
D-proquasi-coherent.
Proof. It is a consequence of Theorem 3.11, Example 3.4 and Note 3.5. 
Definition 3.13. A functor of modules M is said to be (linearly) separated if for
each commutative R-algebra S and m ∈M(S) there exist a commutative S-algebra
T and a w ∈ M∗(T ) such that w(m) 6= 0 (that is, the natural morphism M→M∗∗,
m 7→ m˜, where m˜(w) := w(m) for all w ∈M∗, is injective).
Every functor of submodules of a separated functor of modules is separated.
Example 3.14. If M is a dual functor of modules, then it is separated: Given
0 6= w ∈M = N∗, there exists an n ∈ N such that w(n) 6= 0. Let n˜ ∈M∗ be defined
by n˜(w′) := w′(n), for all w′ ∈M. Then n˜(w) 6= 0.
Theorem 3.15. Let M be a functor of R-modules. M is D-proquasi-coherent if
and only if the morphism
HomR(M,M
′)→ HomR(M(R),M
′(R)), f 7→ fR
is injective, for all separated R-modules, M′ (such that M′∗ are well defined func-
tors).
Proof. By Theorem 3.6, we only have to prove the necessity. The morphism
HomR(M,M
′) → HomR(M′∗,M∗), f 7→ f∗ is injective: If f 6= 0 there exists
an m ∈ M such that f(m) 6= 0. Then, there exists a w′ ∈ M′∗ such that
0 6= w′(f(m)) = f∗(w′)(m). Therefore, f∗(w′) 6= 0 and f∗ 6= 0.
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From the diagram
HomR(M,M
′) 
 //

HomR(M
′∗,M∗) 
 3.2 // HomR(M′∗,M(R)∗)
HomR(M(R),M
′(R)) HomR(M(R),M
′)
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
one deduces that the morphism HomR(M,M
′)→ HomR(M(R),M
′(R)) is injective.

Corollary 3.16. Let R = K be a field and let M, M′ be D-proquasi-coherent
modules, then M⊗K M′ is D-proquasi-coherent.
Proof. It is due to the inclusion (M⊗KM′)∗(K)=HomK(M⊗M′,K)=HomK(M,M′
∗)
3.15
→֒ HomK(M(K),M′
∗
(K)) →֒ HomK(M(K),M′(K)∗) = HomK(M(K)⊗M′(K),K)
= (M⊗K M′)(K)∗. 
Proposition 3.17. Let A be a functor of K-algebras and a D-proquasi-coherent
module, let M and N be functors of A-modules and let M ′ ⊂ M be a K-vector
subspace. Then,
(1) M′ is a quasi-coherent A-submodule of M if and only if M ′ is an A(K)-
submodule of M .
(2) A morphism f : M → N of functors of K-modules is a morphism of A-
modules if and only if fK : M → N is a morphism of A(K)-modules.
Proof. (1) Obviously, ifM′ is an A-submodule ofM thenM ′ is an A(K)-submodule
of M . Inversely, let us assume M ′ is an A(K)-submodule of M and let us consider
the natural morphism of multiplication A⊗KM′ →M. The morphisms A→M,
a 7→ a ·m′, for each m′ ∈M ′, factors via M′, then A⊗KM
′ →M factors viaM′.
Therefore,M′ is a functor of A-submodules of M.
(2) The morphism f is a morphism of A-modules if and only if F : A⊗M→ N ,
F (a⊗m) := f(am)− af(m) is the zero morphism. Likewise, fK is a morphism of
A(K)-modules if and only if FK : A(K)⊗M → N , FK(a⊗m) = fK(am)−afK(m)
is the zero morphism. Now, the proposition is a consequence of the inclusions,
HomK(A⊗M,N ) = HomK(A,HomK(M,N )) ⊆
3.15
HomK(A(K),HomK(M,N ))
⊆ HomK(A(K),HomK(M,N)) = HomK(A(K)⊗M,N)

Definition 3.18. Let A be an R-algebra. The associated functor A is obviously a
functor of R-algebras. We will say that A is a quasi-coherent R-algebra.
Proposition 3.19. Let A be a functor of K-algebras and a D-proquasi-coherent
module, and let B be a K-algebra. Every morphism of K-algebras φ : A → B
uniquely factors through an epimorphism of functors of algebras onto the quasi-
coherent algebra associated with ImφK .
Proof. By Note 3.10, the morphism φ : A→ B uniquely factors through an epimor-
phism φ′ : A → B′, where B′ := ImφK . Obviously B′ is a K-subalgebra of B and
φ′ is a morphism of functors of algebras. 
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4. Proquasi-coherent modules
Definition 4.1. A functor of R-modules is said to be a proquasi-coherent module
if it is an inverse limit of quasi-coherent modules.
In this section, R = K will be a field.
Proposition 4.2. Let R = K be a field and let M be a K-module such that M∗ is
well defined. M is separated if and only if the morphism M → M¯ := (M∗(K))∗ is
injective. Therefore, M is separated if and only if it is a K-submodule of a K-module
scheme.
Proof. Assume M is separated. Let m ∈ M(S) be such that m = 0 in M¯(S).
M¯(S) = M∗(K)∗(S)=HomK(M∗(K), S), then m(w) := w(m) = 0 for all w ∈
M∗(K).
Given a commutative S-algebra T , if one writes T = ⊕i∈IK ·ei, one notices that
M
∗(T )
2.15
= HomK(M, T ) = HomK(M,⊕IK) ⊂
∏
I
HomK(M,K)
which assigns to every wT ∈ M∗(T ) a (wi) ∈
∏
M∗(K). Explicitly, given m′ ∈
M(T ), then wT (m
′) =
∑
i wi(m
′) · ei. Therefore, wT (m) = 0 for all wT ∈ M∗(T ).
As M is separated, this means that m = 0, i.e., the morphism M→ M¯ is injective.
Now, assume M → M¯ is injective. Observe that M¯ is separated because is
reflexive. Then M is separated.
Finally, the second statement of the proposition is obvious. 
Proposition 4.3. If M is a proquasi-coherent K-module then it is a dual K-module
and it is a direct limit of K-shemes of modules. In particular, proquasi-coherent
modules are D-proquasi-coherent modules.
Proof. M = lim
←
Mi = ( lim
→
M∗i )
∗. As lim
→
M∗i is D-proquasi-coherent, its dual,
which is M, is a direct limit of K-module schemes, by Theorem 3.11. 
Theorem 4.4. Let R = K be a field. M is a reflexive functor of K-modules if and
only if M is equal to the inverse limit of its quasi-coherent quotients. In particular,
reflexive functors of K-modules are proquasi-coherent.
Proof. Suppose that M is reflexive. M∗ is separated, because it is a dual functor of
modules. By Proposition 4.2, the morphism M∗ →M(K)∗ is injective. Then, M is
D-proquasi-coherent. Let {Mi}i∈I be the set of all quasi-coherent quotients of M.
Then, M∗ = lim
→
i∈I
M∗i , by Theorem 3.11. Therefore, M = M
∗∗ = lim
←
i∈I
Mi.
Suppose now that M is equal to the inverse limit of its quasi-coherent quotients.
By Proposition 4.3, M is D-proquasi-coherent. By Theorem 3.11, M = M∗∗.

Let R = Z andM = Z/2Z. Then, M :=M∗ is reflexive but it is not D-proquasi-
coherent, because M(R)∗ = 0, since M(R) = 0.
Proposition 4.5. Let f : P→M be a morphism of functors of K-modules. If P is
proquasi-coherent and M is separated then Ker f is proquasi-coherent.
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Proof. Let V be a K-vector space such that there exists an injective morphism
M →֒ V∗. We can assumeM = V∗ =
∏
I K. Given I
′ ⊂ I, let fI′ be the composition
of f with the obvious projection
∏
I K →
∏
I′ K. Then
Ker f = lim
←
I′⊂I,#I′<∞
Ker fI′
It is sufficient to prove that Ker fI′ is proquasi-coherent, since the inverse limit
of proquasi-coherent modules is proquasi-coherent. As #I ′ < ∞ it is sufficient to
prove that the kernel of every morphism f : P→ K is proquasi-coherent.
If f : P → K is the zero morphism the proposition is obvious. Assume f 6= 0.
Then, f is surjective. Let us write P = lim
←
i
Vi and let v = (vi) ∈ lim
←
i
Vi = P(K)
be a vector such that fK((vi)) 6= 0. Then P = Ker f ⊕ K · v. Let V¯i := Vi/〈vi〉.
Let us prove that Ker f = lim
←
i
V¯i: Let i′ be such that vi′ 6= 0. Consider the exact
sequences
0→ K · vi → Vi → V¯i → 0, (i > i
′)
Dually, we have the exact sequences
0→ V¯∗i → V
∗
i → K → 0
Taking the direct limit we have the split exact sequence
0→ lim
→
i
(V¯∗i )→ lim→
i
(V∗i )→ K → 0
Dually, we have the exact sequence
0→ K · v → P→ lim
←
i
V¯i → 0
Then, Ker f → lim
←
i
V¯i, (vi)i 7→ (v¯i)i is an isomorphism.

Corollary 4.6. Every direct summand of a proquasi-coherent module is proquasi-
coherent.
Theorem 4.7. Let M be a functor of K-modules. M is proquasi-coherent if and
only if M is a dual functor of K-modules and it is D-proquasi-coherent.
Proof. By Proposition 4.3, we only have to prove the sufficiency. Let us write
M = N∗. The dual morphism of the natural morphism N → N∗∗ is a retraction of
the natural morphism M → M∗∗. Then, M∗∗ = M ⊕M′. M is proquasi-coherent,
because M∗∗ is proquasi-coherent, by Theorem 3.11.

Corollary 4.8. A functor of K-modules is proquasi-coherent if and only if it is the
dual functor of K-modules of a D-proquasi-coherent module.
Proof. If M = lim
←
i
Mi is proquasi-coherent, then M = ( lim
→
i
M∗i )
∗. lim
→
i
M∗i is D-
proquasi-coherent and M = ( lim
→
i
M∗i )
∗. If M′ is D-proquasi-coherent, then M′∗ is
D-proquasi-coherent, by Corollary 3.12. By Theorem 4.7, M′∗ is proquasi-coherent.

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Proposition 4.9. Let M be an R-module. Then,
HomR(
∏
I
R,M) = ⊕IHomR(R,M) = ⊕IM
Proof. HomR(
∏
I R,M) = HomR((⊕IR)
∗,M)
2.11
= (⊕IR)⊗M = ⊕IM. 
Proposition 4.10. Let I be a totally ordered set and {fij : Mi → Mj}i≥j∈I an
inverse system of K-modules. Then, lim
←
i
Mi is reflexive.
Proof. lim
←
i
Mi is a direct limit of submodule schemes V∗j , by 3.11 and 4.8. If all
the vector spaces Vj are finite dimensional then lim
←
i
Mi is quasi-coherent, then it
is reflexive. In other case, there exists an injective morphism f :
∏
N
K →֒ lim
←
i
Mi.
Let πj : lim
←
i
Mi →Mj be the natural morphisms. Let gr : Kr →֒
∏
N
K be defined
by gr(λ1, · · · , λr) := (λ1, · · · , λr, 0, · · · , 0, · · · ). Let i1 ∈ I be such that πi1 ◦ f ◦ g1
is injective. Recursively, let in > in−1 be such that πin ◦ f ◦ gn is injective. If there
exists a j > in for all n, the composite morphism ⊕NK ⊂
∏
N
K →Mj is injective,
and by Proposition 4.9 the morphism
∏
N
K →Mj factors through the projection
onto a Kr, which is contradictory. In conclusion, lim
←
i
Mi = lim
←
n∈N
Min .
Let M′ir be the image of lim←
n
Min in Mir . Then, lim
←
n
M′in = lim←
n
Min . Let
Hn := Ker[M
′
in
→ M ′in−1 ]. Then, lim←
n
Min ≃
∏
nHn. By Lemma 5.1, lim←
n
Min is
reflexive.

Note 4.11. We do not know if every proquasi-coherent functor of K-modules is
reflexive.
Proposition 4.12. If P,P′ are proquasi-coherent K-modules, then HomK(P,P′) is
proquasi-coherent. In particular, P∗ and (P⊗ P′)∗ are proquasi-coherent.
Proof. Let us write P = lim
→
i
V∗i and P
′ = lim
←
j
V ′j. Then,
HomK(P,P
′) = HomK( lim
→
i
V∗i , lim
←
j
V ′j) = lim
←
i,j
HomK(V
∗
i ,V
′
j) = lim
←
i,j
(Vi ⊗ V
′
j)
Hence, Hom(P,P′) is proquasi-coherent.

Proposition 4.13. Let A be a functor of K-algebras and a D-proquasi-coherent
module, and let P,P′ be proquasi-coherent K-modules and A-modules. Then, a
morphism of K-modules, f : P → P′, is a morphism of A-modules if and only if
fK : P(K)→ P′(K) is a morphism of A(K)-modules.
Proof. Proceed as in the proof of Proposition 3.17 (2).

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5. A family F of reflexive functors of R-modules
Consider
∏
j∈J R as a functor of R-algebras ((λj)j · (µj)j := (λj · µj)j). If
{Mj}j∈J is a set of R-modules, then ⊕j∈JMj and
∏
j∈J Mj are naturally functors
of
∏
j∈J R-modules.
Lemma 5.1. Let M be a dual functor of R-modules and a functor of
∏
j∈J R-
modules. If there exist a set of reflexive functors of R-modules, {Mj}j∈J , and
inclusions of
∏
j∈J R-modules
⊕j∈JMj ⊆M ⊆
∏
j∈J
Mj
(where ⊕j∈JMj ⊆
∏
j∈J Mj is the obvious inclusion) then,
(1) M is a reflexive functor of R-modules.
(2) For every R-module N we have
⊕j∈JHomR(Mj ,N ) ⊆ HomR(M,N ) ⊆
∏
j∈J
HomR(Mj ,N )
Proof. Given w ∈ HomR(M,N ), let wj := w|Mj , for all j ∈ J . Given m =
(mj)j ∈ M ⊂
∏
j Mj , then wj(mj) = 0 for all j ∈ J , except for a finite subset
I ⊂ J , and w(m) =
∑
i∈I wi(mi): Let W :
∏
j R → N be defined by W ((λj)j) :=
w((λjmj)j). By Proposition 4.9, there exists a finite subset I ⊂ J such that
W ((λj)j) = W ((λi)i∈I). Hence, wj(mj) = w(mj) = 0 for all j ∈ J\I, and
w(m) = w((mj)j) = w((mi)i∈I) =
∑
i∈I wi(mi).
Then, ⊕j∈JHomR(Mj ,N ) ⊆ HomR(M,N ) ⊆
∏
j∈J HomR(Mj ,N ).
In particular, we have
⊕jM
∗
j ⊆M
∗ ⊆
∏
j
M
∗
j
M∗ is a
∏
jR-module and again
⊕jMj ⊆M
∗∗ ⊆
∏
j
Mj
We have ⊕jMj ⊆ M ⊆ M∗∗ ⊆
∏
j Mj , and again (M
∗∗)∗ ⊆ M∗ ⊆
∏
j M
∗
j . The
natural morphism (M∗∗)∗ →M∗ is an epimorphism, because the natural morphism
M∗ → (M∗)∗∗ is a section. Therefore, M∗ = M∗∗∗.
The inclusion M ⊆ M∗∗ has a retraction, because M = M′∗ is a dual functor
and the natural morphism M′∗ → (M′∗)∗∗ has a retraction. Then, M∗∗ = M⊕M′′.
Dually, M∗ = M∗∗∗, so M′′
∗
= 0. Hence, M′′ = 0, because M′′ ⊂
∏
j Mj and for
any 0 6= (mj) ∈
∏
j Mj there exist a j ∈ J and a wj ∈ M
∗
j such that wj(mj) 6= 0
(recall that the functor of modules Mj are reflexive). Therefore, M = M
∗∗.

Definition 5.2. Let F be the family of dual functors of R-modules, M, such that
there exist a set J (which depends on M), a structure of functor of
∏
J R-modules
on M and inclusions of functors of
∏
J R-modules
⊕JR ⊆M ⊆
∏
J
R
(where ⊕j∈JMj ⊆
∏
j∈J Mj is the obvious inclusion).
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Note 5.3. Every M ∈ F is reflexive, by Lemma 5.1.
Examples 5.4. If V is a free R-module, V ,V∗ ∈ F. If we have a set {Mi ∈ F}i∈I ,
then ⊕i∈IMi,
∏
i∈I Mi ∈ F, as it is easy to check.
Let V = ⊕IR and W = ⊕JR be free R-modules, then HomR(V ,W) ∈ F: we have
the obvious inclusions of functors of
∏
I×J R-modules, ⊕I×JR ⊆ HomR(V ,W) =∏
I(⊕JR) ⊆
∏
I×J R. This example has motivated Definition 5.2.
Note 5.5. A quasi-coherent module M ∈ F if and only if M is a free R-module:
Let us write ⊕JR ⊆M ⊆
∏
J R. Let N =M/⊕J R and let π : M → N be the quo-
tient morphism. By Lemma 5.1, the morphism HomR(M,N) → HomR(⊕JR,N)
is injective. As π 7→ 0, then π = 0 and M = ⊕JR.
Let F′ be the family of functors of R-modules, M, such that M is a direct sum-
mand of some functor of R-modules of F. Obviously, M ∈ F′ if M is a projective
R-module. All other results obtained in this section for F remain valid for F′.
Proposition 5.6. If M′ is a reflexive functor of R-modules and M ∈ F, then
HomR(M
′,M) is reflexive.
Proof. HomR(M
′,M) = (M′⊗M∗)∗ is a dual functor. Following previous notations,
since ⊕JR ⊆M ⊆
∏
J R, we have the inclusions
(1) ⊕J M
′∗ ⊆ HomR(M
′,⊕JR) ⊆ HomR(M
′,M) ⊆ HomR(M
′,
∏
J
R) =
∏
J
M
′∗
Therefore, by Lemma 5.1, HomR(M
′,M) is reflexive. 
Proposition 5.7. If M′ is a reflexive functor of R-modules and M ∈ F, then
HomR(M,M
′) is reflexive.
Proof. HomR(M,M
′) = (M⊗M′∗)∗ is a dual functor. Let 0 6= f ∈ HomR(M,M′).
There exists w ∈ M′∗ such that w ◦ f 6= 0. Let us follow previous notations. By
Lemma 5.1, (w ◦ f)|⊕JR 6= 0, then f|⊕JR 6= 0. Therefore, HomR(⊕JR,M
′) ⊇
HomR(M,M
′) and, likewise, HomR(⊕JR,M′) ⊇ HomR(
∏
J R,M
′). Hence, we
have the inclusions
∏
J
M
′ = HomR(⊕JR,M
′) ⊇ HomR(M,M
′) ⊇ HomR(
∏
J
R,M′) ⊇ ⊕JM
′
Therefore, by Lemma 5.1, HomR(M,M
′) is reflexive. 
Theorem 5.8. If M′,M ∈ F, then HomR(M′,M) ∈ F.
Proof. Let us write ⊕IR ⊆ M′ ⊆
∏
I R and ⊕JR ⊆ M ⊆
∏
J R. By Lemma 5.1,
⊕IR ⊆M′∗ ⊆
∏
I R, then by Equation 1,
(2) ⊕I×J R ⊆ ⊕JM
′∗ ⊆ HomR(M
′,M) ⊆
∏
J
M
′∗ ⊆
∏
I×J
R
Observe that
(
∏
I
R⊗
∏
J
R)∗ = HomR(
∏
I
R⊗
∏
J
R,R) = HomR(
∏
I
R,⊕JR)
2.11
= (⊕IR)⊗(⊕JR)
HomR(M
′,M) = (M′ ⊗M∗)∗ is a
∏
I R ⊗
∏
J R-module, then by Proposition
2.19, it is a (
∏
I R⊗R
∏
J R)
∗∗ = (⊕IR⊗R⊕JR)∗ =
∏
I×J R-module. Finally, by
Equation 2, HomR(M
′,M) ∈ F. 
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Theorem 5.9. If M,M′ ∈ F, then (M′ ⊗M)∗∗ ∈ F and it is the closure of dual
functors of R-modules of M′ ⊗M.
Proof. As M∗ ∈ F, we have (M′ ⊗ M)∗ = HomR(M′,M∗) ∈ F. Hence, firstly
(M′ ⊗ M)∗ is reflexive and by Proposition 2.18 the closure of dual functors of
M′ ⊗M is (M′ ⊗M)∗∗, secondly (M′ ⊗M)∗∗ ∈ F. 
Proposition 5.10. Let R = K be a field. Let I be a totally ordered set and
{fij : Mi → Mj}i≥j∈I be an inverse system of morphisms of K-modules. Then,
lim
←
i∈I
Mi ∈ F.
Proof. lim
←
i∈I
Mi is a direct product of K-quasi-coherent modules, by the proof of
Proposition 4.10. Hence, lim
←
i∈I
Mi ∈ F. 
Proposition 5.11. If M ∈ F, then M is D-proquasi-coherent.
Proof. We have to prove that the morphism
HomR(M,N ) ⊆ HomR(M(R), N), w 7→ wR
is injective, for all R-modules N . Let us follow previous notations. By Lemma
5.1, w ∈ HomR(M,N ) is determined by w|⊕JR, and this one is determined by
(w|⊕JR)R. As ⊕JR ⊆M(R), w is determined by wR. 
Lemma 5.12. Let M ∈ F and let N be an R-module. Then, every morphism of
R-modules φ : M → N uniquely factors through an epimorphism onto the quasi-
coherent module associated with the R-submodule of N , ImφR ⊆ N .
Proof. Let us follows previous notations. Consider ⊕JR ⊆M ⊆
∏
J R. By Lemma
5.1, M∗ ⊆ (⊕JR)∗ =
∏
J R. The morphism φ|⊕JR : ⊕J R → N factors via the
quasi-coherent module associated with N ′ := Im(φ|⊕JR)R. Then, the dual mor-
phism φ∗ : N ∗ → M∗ ⊆
∏
J R, factors via, N
′∗. Hence, φ factors via a morphism
φ′ : M→ N ′. In particular, φ′ is an epimorphism and N ′ = ImφR.
Uniqueness: Assume φ factors through an epimorphism φ′′ : M → N ′. The
morphisms φ′, φ′′ are determined by φ′R, φ
′′
R. Then, φ
′ = φ′′, because φ′R = φ
′′
R.

Theorem 5.13. Let M ∈ F. Let {Mi}i∈I be the set of all quasi-coherent quotients
of M. Then, M∗ = lim
→
i∈I
M∗i . Therefore,
M = lim
←
i∈I
Mi.
Proof. Proceed as in the proof of Theorem 3.11. 
Proposition 5.14. Let A ∈ F be a functor of R-algebras and let M,M′ ∈ F
be functors of A-modules. Then, a morphism of R-modules, f : M → M′, is a
morphism of A-modules if and only if fR : M(R)→M′(R) is a morphism of A(R)-
modules.
Proof. Proceed as in Proposition 4.13.

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Notation 5.15. Let M be an R-module and let M ′ ⊆ M be an R-submodule. By
abuse of notation we will say that M′ is a quasi-coherent submodule of M.
Proposition 5.16. Let A ∈ F be a functor of R-algebras, let M be an A-module
and let M ′ ⊂ M be an R-submodule. Then, M′ is a quasi-coherent A-submodule
of M if and only if M ′ is an A(R)-submodule of M .
Proof. Obviously, if M′ is an A-submodule of M then M ′ is an A(R)-submodule
of M . Inversely, let us assume M ′ is an A(R)-submodule of M and let us consider
the natural morphism of multiplication A ⊗R M
′ → M. By Lemma 5.12, the
morphisms A → M, a 7→ a ·m′, for each m′ ∈ M ′, uniquely factors via M′. Let
⊕IR
q
→ ⊕JR
p
→ M ′ → 0 be an exact sequence. Let i be the morphism M′ →M.
There exists a (unique) morphism f ′ such that the diagram
A⊗R (⊕IR)
Id⊗q // A⊗R (⊕JR)
Id⊗p //
f ′

A⊗RM′ //

0
M′
i
//M
is commutative. Since i ◦ f ′ ◦ (Id ⊗ q) = 0, then f ′ ◦ (Id ⊗ q) = 0. Hence,
A⊗RM′ →M factors through M′.
F : A⊗R A→M
′, F (a⊗ a′) := a(a′m′)− (aa′)m′ (for any m′ ∈ M′) is the zero
morphism: F lifts to a (unique) morphism F¯ : (A ⊗R A)∗∗ → M′. Observe that
i ◦ F¯ = 0 because i ◦ F = 0, then F¯R = 0 because iR is injective. Finally, F¯ = 0
because it is determined by F¯R; and F = 0. Likewise, 1 ·m′ = m′, for all m′ ∈M′.
In conclusion, M′ is a quasi-coherent A-submodule of M. 
Proposition 5.17. Let A ∈ F and B be functors of R-algebras and assume that
there exists an injective morphism of R modules B →֒ N . Then, any morphism of
R-algebras φ : A→ B uniquely factors through an epimorphism of algebras onto the
quasi-coherent algebra associated with ImφR, that is to say, (Imφ)(R).
Proof. By Lemma 5.12, the morphism φ : A → B uniquely factors through an epi-
morphism φ′ : A → B′, where B′ := ImφR. Obviously B′ is an R-subalgebra of
B(R). We have to check that φ′ is a morphism of functors of algebras.
Observe that if a morphism f : A⊗A→ N factors through an epimorphism onto
a quasi-coherent submodule N ′ of N then uniquely factors through N ′, because f
and any morphism on N ′ uniquely factors through (A⊗ A)∗∗ ∈ F.
Consider the diagram
A⊗ A
mA

φ′⊗φ′ // B′ ⊗ B′
mB′

i⊗i // B⊗ B
mB

A
φ′ // B′
i // B 
 // N ,
where mA,mB′ and mB are the multiplication morphisms and i is the morphism
induced by the morphism B′ → B(R). We know mB ◦ (i⊗ i)◦ (φ′⊗φ′) = i◦φ′ ◦mA.
The morphism mB ◦ (i ⊗ i) ◦ (φ′ ⊗ φ′) uniquely factors onto B′, more concretely,
throughmB′◦(φ′⊗φ′). The morphism i◦φ′◦mA uniquely factors onto B′, effectively,
through φ′◦mA. Then, mB′ ◦(φ′⊗φ′) = φ′◦mA and φ′ is a morphism ofR-algebras.

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Definition 5.18. We will say that a functor of R-algebras is a functor of proquasi-
coherent algebras if it is the inverse limit of its quasi-coherent algebra quotients.
Examples 5.19. Quasi-coherent algebras are proquasi-coherent.
Let R = K be a field, A be a commutative K-algebra and I ⊆ A be an ideal.
Then, B = lim
←
n∈N
A/In ∈ F (by 5.10) and it is a proquasi-coherent algebra: B ≃
∏
n I
n/In+1. Then, B∗ = ⊕n(In/In+1)∗ = lim
→
n
(A/In)∗. Therefore, B∗ is equal
to the direct limit of the dual of the quasi-coherent algebra quotients of B. Dually,
B is a proquasi-coherent algebra.
Proposition 5.20. Let C∗ ∈ F be a functor of R-algebras (i.e., a scheme of R-
algebras). Then, C∗ is a functor of proquasi-coherent algebras.
Proof. 1. If M∗ ∈ F and f : M∗ → N is a morphism of functors of R-modules,
then N ′ := Im fR is a finitely generated R-module: By Lemma 5.12, f factors via
an epimorphism f ′ : M∗ → N ′. HomR(M∗,N ′) = M ⊗N ′, then f ′ = m1 ⊗ n1 +
· · ·+mr ⊗ nr, for some mi ∈M and ni ∈ N ′. Hence, f(w) =
∑
i w(mi) · ni, for all
w ∈ M∗. Therefore, N ′ = 〈n1, . . . , nr〉.
2. C∗ is a left and right C∗-module, then C is a right and left C∗-module. Given
c ∈ C, the dual morphism of the morphism C∗ → C, w 7→ w · c is the morphism
C∗ → C, w 7→ c · w.
3. C is the direct limit of its finitely generated R-submodules. Let N =
〈n1, . . . , nr〉 ⊂ C be a finitely generated R-module and let f : C∗r → N be de-
fined by f((wi)) :=
∑
iwi · ni. Then, N
′ := Im fR is a finitely generated R-
module. By Proposition 5.16, N ′ is a quasi-coherent C∗-submodule of C. Write
N ′ = 〈n1, . . . , ns〉. The morphism EndR(N ′) → ⊕sN ′, g 7→ (g(ni))i is injective.
By Proposition 5.17, the morphism of functors of R-algebras C∗ → EndR(N ′)
w 7→ w· factors through an epimorphism onto a quasi-coherent algebra, B′. The
dual morphism of the composite morphism
C∗ // // B′ // EndR(N ′)
  // ⊕sN ′ // ⊕sC
pii // // C
w // w · ni
is C∗ → B′∗ →֒ C, w 7→ ni · w. Hence, ni ∈ B′
∗
, for all i, and N ′ ⊆ B′∗. Therefore,
C is equal to the direct limit of the dual functors of the quasi-coherent algebra
quotients of C∗. Dually, C∗ is a functor of proquasi-coherent algebras.

Lemma 5.21. Let M1, . . . ,Mn ∈ F and let us consider the natural morphism
M1 ⊗ · · · ⊗Mn → (M∗1 ⊗ · · · ⊗M
∗
n)
∗. Then, the induced morphism
(M1 ⊗ · · · ⊗Mn)
∗∗ → (M∗1 ⊗ · · · ⊗M
∗
n)
∗
is injective.
Proof. Let us follow the notations ⊕JiR ⊆ Mi ⊆
∏
Ji
R. By Lemma 5.1, ⊕JiR ⊆
M∗i ⊆
∏
Ji
R. By induction hypothesis, ⊕J1×···×Jn−1R ⊆ (M1 ⊗ · · · ⊗Mn−1)
∗ ⊆∏
J1×···×Jn−1
R. Since
(M1⊗· · ·⊗Mn)
∗ = HomR(M1⊗· · ·⊗Mn−1,M
∗
n) = HomR((M1⊗· · ·⊗Mn−1)
∗∗,M∗n),
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by Equation 2, ⊕J1×···×JnR ⊆ (M1 ⊗ · · · ⊗Mn)
∗ ⊆
∏
J1×···×Jn
R. Hence, firstly
(M1 ⊗ · · · ⊗Mn)∗∗ ⊆
∏
J1×···×Jn
R, by Lemma 5.1, secondly (M∗1 ⊗ · · · ⊗M
∗
n)
∗ ⊆∏
J1×···×Jn
R.
As a consequence, the natural morphism (M1⊗ · · ·⊗Mn)∗∗ → (M∗1⊗ · · ·⊗M
∗
n)
∗
is injective.

Theorem 5.22. Let A,B ∈ F be two functors of proquasi-coherent algebras. Then,
(A∗ ⊗ B∗)∗ ∈ F is a functor of proquasi-coherent algebras and it holds
HomR−alg(A⊗ B,C) = HomR−alg((A
∗ ⊗ B∗)∗,C)
for every functor of proquasi-coherent algebras C.
Proof. Write A = lim
←
i
Ai and B = lim
←
j
Bj . Observe that
(A∗ ⊗ B∗)∗ = HomR(A
∗,B)
2.18
= HomR( lim
→
i
A∗i ,B) = HomR( lim→
i
A∗i , lim←
j
Bj)
= lim
←
i,j
HomR(A
∗
i ,Bj) = lim
←
i,j
(Ai ⊗ Bj)
Then, (A∗ ⊗ B∗)∗ is a functor of algebras and the natural morphism A ⊗ B →
(A∗ ⊗ B∗)∗ is a morphism of functors of algebras.
Given a morphism of functor of R-algebras φ : A ⊗ B → C, let φ1 = φ|A⊗1
and φ2 = φ|1⊗B. Then, φ1 factors through an epimorphism onto a quasi-coherent
algebra quotient Ai of A, and φ2 factors through an epimorphism onto a quasi-
coherent algebra quotient Bj of B. Then, φ factors through Ai ⊗Bj , and φ factors
through (A∗ ⊗ B∗)∗. Then,
HomR−alg((A
∗ ⊗ B∗)∗, C)→ HomR−alg(A⊗ B, C)
is surjective. It is also injective, because
HomR((A
∗ ⊗ B∗)∗, C) = HomR(C
∗, (A∗ ⊗ B∗)∗∗)
5.21
⊆ HomR(C
∗, (A⊗ B)∗) = HomR(A⊗ B, C)
Then, HomR−alg(A ⊗ B,C) = HomR−alg((A∗ ⊗ B∗)∗,C) for every proquasi-
coherent algebra C.
A morphism of functors of algebras f : (A∗ ⊗ B∗)∗ → C factors through some
Ai⊗Bj because f|A⊗B factors through some Ai⊗Bj. Then, the inverse limit of the
quasi-coherent algebra quotients of (A∗⊗B∗)∗ is equal to lim
←
i,j
(Ai⊗Bj) = (A∗⊗B∗)∗,
that is, (A∗ ⊗ B∗)∗ is a proquasi-coherent algebra.

Notation 5.23. Let A1, . . . ,An ∈ F be functors of proquasi-coherent R-algebras.
We denote A1⊗˜ · · · ⊗˜An := (A∗1 ⊗ · · · ⊗ A
∗
n)
∗, which is the closure of functors of
proquasi-coherent algebras of A1 ⊗ · · · ⊗ An.
Observe that A1⊗˜(A2⊗˜ · · · ⊗˜An) = A1⊗˜ · · · ⊗˜An.
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6. Functors of bialgebras
Definition 6.1. A functor B ∈ F is said to be a functor of proquasi-coherent
bialgebras when B and B∗ are functors of proquasi-coherent R-algebras such that
the dual morphisms of the multiplication morphism m : B∗ ⊗B∗ → B∗ and the unit
morphism u : R → B∗ are morphisms of functors of R-algebras.
Let B,B′ be two functors of proquasi-coherent bialgebras. We will say that a
morphism of R-modules, f : B → B′ is a morphism of functors of bialgebras if f
and f∗ : B′
∗ → B∗ are morphisms of functors of R-algebras.
Note 6.2. Let B ∈ F be a functor of proquasi-coherent algebras. Defining a mul-
tiplication morphism B∗ ⊗ B∗ → B∗ (associative and with a unit) is equivalent to
defining a comultiplication morphism B→ B⊗˜B (coassociative and with a counit),
because
HomR(B
∗ ⊗
n
· · · ⊗ B∗,B∗) = HomR(B, (B
∗ ⊗
n
· · · ⊗ B∗)∗) = HomR(B,B⊗˜
n
· · ·⊗˜B)
In the literature, an R-algebra A is said to be a bialgebra if it is a coalgebra
(with counit) and the comultiplication c : A → A ⊗R A and the counit e : A → R
are morphisms of R-algebras. We will say that a bialgebra A is a free R-bialgebra
if A is a free R-module. We will say that a functor of proquasi-coherent bialgebras
B ∈ F is a functor of quasi-coherent bialgebras if B is a quasi-coherent R-module.
Observe that if A∗ ∈ F is a functor of R-algebras then it is a proquasi-coherent
algebra, by Proposition 5.20.
Proposition 6.3. The functors A  A and A  A(R) establish an equivalence
between the category of free R-bialgebras and the category of functors of R-quasi-
coherent bialgebras.
Theorem 6.4. Let CF−Bialg. be the category of functors B ∈ F of proquasi-coherent
bialgebras. The functor CF−Bialg.  CF−Bialg., B  B∗ is a categorical anti-
equivalence.
Proof. Let {B,m, u;B∗,m′, u′} be a functor of bialgebras. Let us only check that
m∗ : B∗ → (B⊗B)∗ = B∗⊗˜B∗ is a morphism of functors of algebras. By hypothesis,
m′
∗
: B → (B∗ ⊗ B∗)∗ = B⊗˜B is a morphism of functors of algebras. We have the
commutative square:
B
m′
∗
// B⊗˜B
B⊗ B
m
OO
m′
∗
13
⊗m′∗
24 // B⊗˜B⊗˜B⊗˜B
m⊗m
OO
where (m′
∗
13 ⊗m
′∗
24)(b1 ⊗ b2) := σ(m
′∗(b1) ⊗m′
∗
(b2)) and σ(b1 ⊗ b2 ⊗ b3 ⊗ b4) :=
b1⊗ b3⊗ b2⊗ b4, for all bi ∈ B. Taking duals, we obtain the commutative diagram:
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B∗
m∗

(B∗ ⊗ B∗)∗∗oo
(m⊗m)∗

B∗ ⊗ B∗oo❴ ❴ ❴ ❴ ❴
m′
rr ❩❩
❬❬❬❭
❭❪❪❪❫❫❴❴❴❵❵❛❛❛❜❜❝❝❝❞❞❡❡
m∗⊗m∗
nn
✄
⑧
⑤
①
t
q
♥
❦
✐❢❞❛❴
B∗⊗˜B∗ (B∗ ⊗ B∗ ⊗ B∗ ⊗ B∗)∗∗oo
uu❥ ❥
❥
❥
❥
❥
❥
B∗⊗˜B∗⊗˜B∗⊗˜B∗
m′13⊗m
′
24
gg❖
❖
❖
❖
❖
❖
which says that m∗ is a morphism of functors of R-algebras.

In [6, Ch. I, §2, 13], Dieudonne´ proves the anti-equivalence between the category
of commutative K-bialgebras and the category of linearly compact cocommutative
K-bialgebras (where K is a field).
Let C be a R-module. C is a R-coalgebra (coassociative with counit) if and only
if C∗ is a functor of algebras: Observe that
(C∗ ⊗
n
· · · ⊗ C∗)∗ = HomR(C
∗ ⊗
n
· · · ⊗ C∗,R) = HomR(C
∗ ⊗
n−1
· · · ⊗ C∗, C)
=
2.11
HomR(C
∗ ⊗
n−2
· · · ⊗ C∗, C ⊗ C) = · · · = C ⊗
n
· · · ⊗ C
Definition 6.5. The functor of algebras C∗ is called algebra scheme. If C∗ ∈ F is
a functor of bialgebras then it is called bialgebra scheme.
Notation 6.6. Let A be a reflexive functor of K-algebras and let {Ai} be the set
of quasi-coherent quotients of A such that dimK Ai < ∞. We denote A¯ := lim
←
i
Ai
which is an algebra scheme because A∗i is quasi-coherent and lim←
i
Ai = ( lim
→
i
A∗i )
∗.
Note 6.7. Given a functor of algebras C∗ ∈ F, then C¯∗ = C∗ (see proof of Propo-
sition 5.20).
Proposition 6.8. [2, 5.9] Let A be a reflexive functor of K-algebras. Then,
HomK−alg(A, C
∗) = HomK−alg(A¯, C
∗)
for all algebra schemes C∗.
Theorem 6.9. Let B ∈ F be a functor of proquasi-coherent K-bialgebras. Then, B¯
is a scheme of bialgebras and
HomK−bialg(B, C
∗) = HomK−bialg(B¯, C
∗)
for all bialgebra schemes C∗.
Proof. Given any A1, . . . ,An ∈ F proquasi-coherent algebras then A1⊗˜ . . . ⊗˜An =
A¯1⊗˜ . . . ⊗˜A¯n, by Proposition 6.8. Then, the comultiplication morphism B→ B⊗˜B
defines a comultiplication morphism B¯→ B¯⊗˜B¯, and B¯ is a scheme of bialgebras.
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Given a morphism of functors of bialgebras f : B → C∗, that is, a morphism of
functors of algebras such that the diagram
B //
f

B⊗˜B
f⊗f

C∗ // C∗⊗˜C∗
is commutative, the induced morphism of functors algebras B¯→ C∗ is a morphism
of functors of bialgebras. Reciprocally, given a morphism of bialgebras B¯→ C∗, the
composition morphism B→ B¯→ C∗ is a mosphism of functors of bialgebras.

Corollary 6.10. Let A and B be K-bialgebras. Then,
HomK−bialg(A¯,B
∗) = HomK−bialg(B¯,A
∗)
Proof. It holds that HomK−bialg(A¯,B
∗) = HomK−bialg(A,B
∗) = HomK−bialg(B,A
∗)
= HomK−bialg(B¯,A∗).

Note 6.11. The bialgebra A◦ := HomK(A¯,K) is sometimes known as the “dual
bialgebra” of A and Corollary 6.10 says (dually) that the functor assigning to each
bialgebra its dual bialgebra is autoadjoint (see [1, 3.5]).
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